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Abstract In this paper, we consider the problem of prescribing scalar curvature under minimal boundary
conditions on the standard four-dimensional half sphere.We describe the lack of compactness of the associated
variational problem and we give new existence and multiplicity results.
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1 Introduction and main results
Let (Mn, g) be an n-dimensional Riemannian manifold with boundary, n ≥ 3, and let g˜ = u4/(n−2)g be a
conformal metric to g, where u is a smooth positive function. Then, the scalar curvatures Rg and Rg˜ and the










+ hgu = hg˜u nn−2 on ∂Mn
(1.1)
where cn = 4(n − 1)/(n − 2) and ν denotes the outward normal vector with respect to g.
In view of the above equations, the following problem naturally arises: given two functions K : Mn → R
and H : ∂Mn → R, does there exist a metric g˜ conformally equivalent to g, such that Rg˜ = K and hg˜ = H?
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+ hgu = Hu nn−2 on ∂Mn .
(1.2)
When K and H are constants, this problem is called “The Yamabe Problem on Manifolds with boundary”. It
has also been studied through the works [4,18,26,27,31,32]. When K = 0, the problem is called Boundary
Mean curvature problem which has been studied by Escobar (see [28]) on manifolds which are not equivalent
to the standard ball. On the ball, sufficient conditions in dimensions 3 and 4 are given in [1,2,25,29]. When
H = 0, the problem is called scalar curvature under minimal boundary condition and has been studied in [14–
17,23]. Previously, Cherrier [22] studied the regularity question for this equation. He showed that solutions of
(1.2) which are of class H1 are also smooth.
Weobserve that the aboveproblem is a natural generalization of thewell-known“ScalarCurvatureProblems
on Closed manifolds”: to find a positive smooth solution to the following equation:
− cngu + Rgu = K u n+2n−2 in Mn, (1.3)
to which much work has been devoted (see [3,5–8,10,11,13,20,21,30,34,35,37]).
In this paper, we consider the case where H = 0, on the standard four-dimensional half sphere under minimal
boundary conditions. More precisely, let K be a C2 positive Morse function on S4+, we look for conditions on




Lgu = −gu + 2u = K u3 in S4+,
∂u
∂ν
= 0 on ∂S4+,
(1.4)
where g is the standard metric of S4+ = {x ∈ R5/|x | = 1, x5 > 0}.
The main analytic difficulty of this problem comes from the presence of the critical Sobolev exponent on
the right hand side of our equation, which generates blow up and lack of compactness. Indeed, due to the fact
that the embedding H1(S4+) → L4(S4+) is not compact, the Euler–Lagrange functional J associated with our
problem fails to satisfy the Palais Smale condition. That is there exist noncompact sequences along which the
functional is bounded and its gradient goes to zero. Therefore, it is not possible to apply the standard variational
methods to prove the existence of solution. There are also topological obstructions of Kazdan–Warner type to
solve (1.4) [similar to the one associated to (1.3)], and so a natural question arises: under which conditions on
K , (1.4) has a positive solution?
This problem has been studied by Li [33], and Djadli-Malchiodi-Ould Ahmedou [24], on the three-
dimensional standard half sphere, using the blow-up analysis of some subcritical approximations and the
use of the topological degree tools. In [16,17], the authors gave some topological conditions on K to prescribe
the scalar curvature under minimal boundary conditions on half spheres of dimension bigger than or equal to
4 using the method of “critical points at infinity” due to Bahri [9] and Bahri-Coron [11]. In particular, they
obtained an Euler–Hopf-type criterium reminiscent to the formula obtained by Bahri-Coron [11] for the scalar
curvature problem on S3, see also Chang-Gursky-Yang [21].
In this paper, we give new existence as well as multiplicity results, extending the previous all known ones.
To state our results, we need to introduce some notations and assumptions.We denote by G theGreen’s function
of the conformal Laplacian Lg on S4+ and H its regular part defined by
{
G(x, y) = (1 − cos(d(x, y)))−1 + H(x, y),
H = 0 in S4+,
∂G
∂ν
= 0 on ∂S4+.
(1.5)
Let 0 < K ∈ C2(S4+) be a positive Morse function. We say that the function K satisfies the condition (H0):
• If y is a critical point of K , then −K (y)
3K (y)
− 4H(y, y) = 0,






Denoting K the set of critical point of K , we set
K+ :=
{
y ∈ K : −K (y)
3K (y)
− 4H(y, y) > 0
}
.
To each p-tuple τp := (y1, . . . , yp) ∈ K+, we associate a matrix M(τp) = (Mi j ) defined by,
Mii = − K (yi )
3K (yi )2
− 4 H(yi , yi )
K (yi )
, Mi j = −4 G(yi , y j )√
K (yi )K (y j )
for i = j. (1.6)
We denote by ρ(τp) the least eigenvalue of M(τp), and we say that a function K satisfies the condition (H1)
if for every τp ∈ (K+)p, we have ρ(τp) = 0. We set
F∞ :=
{
τp = (y1, . . . , yp) ∈ (K+)p/ ρ(τp) > 0
}
, (1.7)
and we define an index i : F∞ → Z defined by
i(τp) = p − 1 +
p∑
i=1
(4 − ind(K , yi )),
where ind(K , yi ) denotes the Morse index of K at its critical point yi .
Now, we state our main result.
Theorem 1.1 Let 0 < K ∈ C2(S4+) be a positive function satisfying the conditions (H0) and (H1). If there






i(τp) = k + 1, ∀τp ∈ F∞.
Then, there exists a solution to the problem (1.4) of Morse index less or equal than k + 1.



















where Nk+1 denotes the set of solutions of (1.4) having their Morse indices less than or equal to k + 1.
Please observe that, taking in the above k to be , where  is the maximal index over all elements of F∞,
the second assumption is trivially satisfied. Therefore, in this case, we have the following corollary, which
recovers the previous existence result of Ben Ayed et al. [17].




then there exists at least one solution to (1.4).



















where S denotes the set of solutions of (1.4).
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We point out the main new contribution of Theorem 1.1 is that we address here the case where the total sum
in the above corollary equals 1, but a partial one is not equal 1. The main issue being the possibility to use
such an information to prove the existence of solution to the problem (1.4). Moreover, our result does not only
give existence results, but also, under generic conditions, gives a lower bound on the number of solutions of
(1.4). Such a result is reminiscent to the celebrated Morse Theorem, which states that, the number of critical
points of a Morse function defined on a compact manifold, is lower bounded in terms of the topology of the
underlying manifold. Our result can be seen as some sort of Morse Inequality at Infinity. Indeed, it gives a
lower bound on the number of metrics with prescribed curvature in terms of the topology at infinity.
The remainder of this paper is organized as follows. In Sect. 2, we set up the variational structure and the
lack of compactness of Problem (1.4). In Sect. 3, we characterize the critical points at infinity associated with
our problem. The last section is devoted to the proof of the main result.
2 Variational structure and lack of compactness
In this section, we recall the functional setting and the variational problem and its main features. Problem (1.4)
has a variational structure, the Euler–Lagrange functional is













We denote by 	 the unit sphere of H1(S4+), and we set 	+ = {u ∈ 	, u > 0}.
Problem (1.4) is equivalent to finding the critical points of J subjected to the constraint u ∈ 	+. The
Palais–Smale condition fails to be satisfied for J on 	+. To describe the sequences failing the Palais–Smale
condition, we need to introduce some notations. For a ∈ S4+ and λ > 0, let
δa,λ(x) = λ(
λ2 + 1 + (1 − λ2)cos d(a, x)
) , (2.1)
where d is the geodesic distance on (S4+, g0). This function satisfies
− gδa,λ + 2δa,λ = 8δ3a,λ in S4+. (2.2)
Let Pδa,λ be the unique solution of
{−g Pδa,λ + 2Pδa,λ = δa,λ3 in S4+
∂ Pδa,λ
∂ν
= 0 on ∂S4+.
We define now the set of potential critical points at infinity associated with the function J . Let, for ε > 0,
p ∈ N∗ and w either a solution of (1.4) or zero,
V (p, ε, w) =
{
















< ε, λi di > ε





α2i K (ai )




∣< ε, εi j < ε ∀ i = j ∈ {1, . . . , p}
}
,






+ λiλ j |ai − a j |2
)−1
.
The failure of Palais–Smale condition can be described, following the idea of [19,36,38] as follows:
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Proposition 2.1 Let (uk) be a sequence in 	+, such that J (uk) is bounded and ∂ J (uk) goes to zero. Then,
there exists an integer p ∈ N∗, a sequence (εk) > 0, εk tends to zero, and an extracted subsequence of uk’s,
again denoted (uk), such that uk ∈ V (p, εk, w), where w is zero or a solution of (1.4).
If u is a function in V (p, ε, w), one can find an optimal representation, following the ideas introduced in
Proposition 5.2 of [9] (see also pages 348–350 of [10]). Namely, we have
Proposition 2.2 For any p ∈ N∗, there is εp > 0, such that if ε ≤ εp and u ∈ V (p, ε, w), then the following
minimization problem
min

















has a unique solution (α, λ, a, h), up to a permutation.




αi Pδ(ai ,λi ) + α0(w + h) + v,
where v belongs to H1(S4+)∩Tw(Ws(w)) and it satisfies (V0), and Tw(Wu(w)) and Tw(Ws(w)) are the tangent


























= 0 for all h ∈ TwWu(w).
Here, Pδi = Pδ(ai ,λi ) and < ., . > denotes the scalar product defined on H1(S4+) by
< u, v >=
∫
S4+
∇u∇v + 2u v.
Notice that Proposition 2.2 is also true if we take w = 0, and therefore, h = 0. In the next, we will say that
v ∈ (V0) if v satisfies (V0).
Now, arguing as in [10, pages 326, 327 and 334], we have the following Morse lemma which completely
gets rid of the v contributions and shows that it can be neglected with respect to the concentration phenomenon.
Proposition 2.3 There is a C1 map to each (αi , ai , λi , h), such that
∑p
i=1 αiδ(ai ,λi ) + α0(w + h) belongs to












αiδ(ai ,λi ) + α0(w + h) + v
)}
.









αiδ(ai ,λi ) + α0(w + h) + v
)
+ ‖ V ‖2 .




where μ is a very large constant. Then, at s = 1, V (s) = e−μs V (0), will be very small as we wish. This shows
that, to define our deformation, we can work as if V was zero. The deformation will extend immediately with
the same properties to a neighborhood of zero in the V variable.
123
Arab. J. Math.
3 Characterization of critical points at infinity
Following Bahri [9], we introduce the following definition.
Definition 3.1 A critical point at infinity of J in
∑+ is a limit of a flow line u(s) of the following equation:
{
∂u
∂s = −∂ J (u)
u(0) = u0
such that u(s) remains in V (p, ε(s), w), for s ≥ s0.
Here, w is either zero or a solution of (1.4), and ε(s) is some function tending to zero when s → +∞.




αi (s)Pδai (s),λi (s) + α0(s)
(
w + h(s)) + v(s). (3.1)
Denoting by ai = lim ai (s) and αi = lim αi (s) , we denote by
(a1, . . . , ap, w)∞ or
p∑
i=1
αi Pδai ,∞ + α0w
such a critical point at infinity. If w = 0, it is called w-type.
3.1 Expansion of the gradient of the functional
Proposition 3.2 For each u = ∑pj=1 α j Pδ j + α0(w + h) ∈ V (p, ε, w), we have the following expansion:
〈
∂ J (u), h
〉

















































+ o(|h2|L∞) + O
(∑∫






























Since the function h belongs to Tw(Wu(w)), which has a finite dimension equal to the index of w. Thus,
|h|L∞ = O(|h|H10 ), and
∫
Kw3h =< w, h >= 0.
Therefore,
〈
















Using the fact that α20 J (u)
2 = 1 + o(1), we get,
〈




















negative definite. Hence, our proof follows. unionsq
Proposition 3.3 For each u = ∑pj=1 α j Pδ j + α0(w + h) ∈ V (p, ε, w), we have the following expansion:
〈















+ α0c2 w(ai )
λi




























where c1 and c2 are some positive constants.
Proof We have
〈


















Using [16], for u = ∑pj=1 α j Pδ j ∈ V (p, ε), we have
〈
















































= −c2 w(ai )
λi





















































































































dx = −α0α2i c2











Using the above estimates and the fact that J 2(u)α2i K (ai ) = 1 + o(1), Proposition 3.3 follows using similar
argument as in [9]. unionsq



























∂ H(ai , a j )
∂ai
)



















































































= c3∇K (ai )
λi
(1 + o(1)) − c2K (ai )
λ3i






























(λ j d j )6









































































Using the above estimates and the fact that J 2(u)α2i K (ai ) = 1 + o(1), Proposition 3.4 follows using similar
argument as in [9]. unionsq
3.2 Ruling out the existence of critical point at infinity in V (p, ε, w) for w = 0
The aim of this section is to prove that, for K , a C2 positive function satisfying the condition of theorem and
w a solution of (1.4), then for each p ∈ N, there is no critical point or critical point at infinity of J in the set
V (p, ε, w).
Proposition 3.5 For p ≥ 1, there exists a pseudo-gradient W , so that the following holds: There is a constant
c > 0 independent of u = ∑pi=1 αi Pδi + α0(w + h) ∈ V (p, ε, w), so that

















i j + |h|2
⎞
⎠
2. (∇ J (u + v¯), ∂v¯
∂(αi , ai , λi )

















i j + |h|2
⎞
⎠ .
This pseudo-gradient satisfies the PS condition and it increases the least distance to the boundary along any
flow line.
Proof Observe first, from Proposition 3.2, we have
〈
∂ J (u), h
〉












εki ≤ H(ai , a j )
λiλ j
. (3.23)
Let d0 > 0 be a fixed small enough constant. We divide the set {1, . . . , p} into the following:
• T1 = {1 ≤ i ≤ p/ i satisfies (3.23) and di < d0};
• T2 = {1 ≤ i ≤ p/ i does not satisfy (3.23) and di < d0};
• T3 = {1 ≤ i ≤ p/di ≥ d0}.
In T2 ∪ T3, we order the λi ’s: λi1 ≤ · · · ≤ λis . Let c > 0, a fixed constant small enough, we define
I := {i1} ∪ {1 ≤ j ≤ s/cλkdk ≤ λk−1dk−1 ≤ λkdk,∀k ≤ j}.
For a fixed constant c′ > 0 small enough, we also define











From Proposition 3.3, we have






















































































Observe that ∂ H
∂νi
(ai , a j ) > 0 or ∂ H∂νi (ai , a j ) = o
(
d−1i (di d j )−1
)
. From Proposition 3.4, we derive that



















k∈Iλis , j ∈Iλis








































Thus, we can make appearing
∑
k∈T1, j =k ε
3
2
i j in the last upper bound. From another part, for k, j ∈ Iλis , we
have |νk − ν j | = O(|ak − a j |). Thus,
1
λis
ε2k jλkλ j |ak − a j ||νk − ν j | =
1
λis






















= O(εk j ). (3.29)
123
Arab. J. Math.
If j, k ∈ T1, we claim that:
1
λis







In fact, if j ∈ I , we have λ j ≤ c′λk . Then,
1
λis

































If j ∈ I , let c′′ > 0 be a fixed small enough constant. If dk ≤ c′′d j , then using the fact that j ∈ T1, we get
1
λis


































If c′′d j ≤ dk ≤ 1c′′ d j , then
1
λis


























ε2k jλkλ j |ak − a j | ≤ c
1
















and the claim follows. Using now (3.30), we deduce






























































































k j ). Thus,
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For two fixed large enough constants m3 > m2 > 0, one has
〈






















⎠ + o(||h||2). (3.41)
The pseudo-gradient W will be defined by W = m4(Y + m2X + m3Z1) + h, where m4 > 0 is a large enough
fixed constant. Thus, the first claim of the proposition follows. The second claim can be obtained once we have
(i) arguing as in [10]. unionsq
Corollary 3.6 Let K be a C2 positive function satisfying the conditions (H0) and (H1) and let w be a non-
degenerate critical point of J in 	+. Then, for each p ≥ 1, there are no critical points or critical point at
infinity in the set V (p, ε, w).
Now once mixed critical points at infinity are ruled out, it follows from [17], that the critical points at
infinity are in one-to-one correspondence with the elements of the set F∞ defined in (1.7), that is, a critical
point at infinity corresponds to τp := (y1, . . . , yp) ∈ (K+)p, such that the related matrix M(τp) defined in
(1.6) is positive definite. Such a critical point at infinity will be denoted by τ∞p . Like a usual critical point,
it is associated with a critical point at infinity x∞ of the problem (1.4), which are combination of classical
critical points with a one-dimensional asymptote, stable and unstable manifolds, W∞s (x∞) and W∞u (x∞).
These manifolds can be easily described once a Morse-type reduction is performed, see [10]. In the following
definition, we extend the notation of domination of critical points to critical points at infinity. Recall that i(x∞),
the Morse index, of such critical point at infinity is equal to the dimension of W∞u (y)∞.
Definition 3.7 x∞ is said to be dominated by another critical point at infinity x ′∞ if W∞u (x ′∞)∩W∞s (x∞) = ∅.
If we assume that the intersection is transverse, then we obtain i(x ′∞) ≥ (x∞) + 1.
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0, . . . , l̂
}





where W∞u (τ∞p ) is the closure of the unstable manifold of (τ∞p ), defined by adding to W∞u (τ∞p ) the unstable
manifolds of critical points or critical points at infinity dominated by (τ∞p ). These manifolds are then of
dimension k − 1 at most, (See [10], Page 357). Therefore, X∞k define a stratified set of top dimension ≤ k.
Without loss of generality, we may assume that it is equal to k.




tu + (1 − t)δ(y0,λ)
‖ tu + (1 − t)δ(y0,λ) ‖
, t ∈ [0, 1], u ∈ X∞k
}
.
θ(X∞k ) define a contraction of X∞k in 	+ of dimension k + 1.
Now, we use the gradient flow of (−∂ J ) to deform θ(X∞k ). By transversally arguments, we can assume
that the deformation avoids all critical points as well as critical points at infinity having their Morse index
greater or equal to k + 2. It follows then, by Proposition 7.24 and Theorem 8.2 of [12], that θ(X∞k ) retracts by
deformation (:) on the set
X∞k
⋃ ⋃





where (τ∞p ) is a critical point at infinity of Morse index k + 1 and dominated by θ(X∞k ), ω is a solution of
(1.4) of Morse index ≤ k + 1 and dominated by θ(X∞k ).
Now taking  = k, and using the assumption of Theorem 1.1, there are no critical points at infinity with
index k + 1, we derive that θ(X∞k ) retracts by deformation on the set
X∞k
⋃ ⋃
ω;∇ J (ω)=0,ω<θ(X∞k ),i(ω)≤k+1
Wu(ω). (4.2)
Now observe that, it follows from the above deformation retract that the problem (1.4) has necessary a solution
ω with i(ω) ≤ k + 1. Otherwise it follows from (4.2) that
θ(X∞k )  X∞k . (4.3)
It is easy to see that χ(θ(X∞k )) = 1, since θ(X∞k ) is a contractible set. Thus, derive from (4.3), taking the





Such an equality contradicts the assumption of Theorem 1.1.
Now, for generic K , it follows from the Sard–Smale theorem that all solutions of 1.4 are non-degenerate




























where Nk+1 denotes the set of solutions of (1.4) having their Morse indices ≤ k + 1. This conclude the proof
of Theorem 1.1.
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